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PREFACE

One of major sections of modern complex analysis there is the theory of entire functions,
founded as early as XIX century of by K. Weiersstrass and by J.Hadamard. In spite of
its certain completeness many problems of this theory are unsolved until now, and at their
decision there are new problems. The most widely-used descriptions of the growth of entire
functions are an order and type, and in case of a zero type, belonging is used to the class of
convergence. In the beginning the last century J. Valiron specified on necessary conditions
of belonging of entire function to the convergence class in terms of its zeroes and coefficients
of power development.

The growth of analytical in a unit disk functions in terms of order, type and class of
convergence was investigated considerably later.

Direct generalization of power development of analytical function is a Dirichlet series
with increasing to +o0o exponents. For entire Dirichlet series with having a positive step
exponents the analogue of theorem of J. Valiron got P. Kamthan. O. Mulyava removed the
condition of positiveness of step in this statement, considering here belonging of entire and
absolutely converging in a half-plane Dirichlet series to the generalized convergence classes.

Belonging to the classes of convergence is used in the theory of value distributions of
entire and meromorphic functions, in the theory of characteristic functions of probability
laws and in other spheres of complex analysis.

The material represented in this monograph is borrowed from the journal papers of the
last years, that published mainly participants of Lviv school of mathematics.

We thank Yu.Trukhan for the help under the work on the monograph.



Chapter 1

DIRICHLET SERIES

A direct generalization of power development of an analytic function

f(z)=> an2", z=re" (1.1)
n=0
is a Dirichlet series
F(s)=ay+ Y _ayexp{sh,}, s=o+it, (1.2)
n=1

where 0 < Ay < A\, T 400.
Here we investigate in terms of convergence classes connections between
the growth of the maximum modulus and the maximal term of Dirichlet series

(1.2) and the behaviour its coefficients.

1.1 Preliminary information.

Let o, be the abscissa of absolute convergence of series (1.2). It is known

[22, p. 115] that if In n = o(\,) as n — oo then

1 1
O, = = 7}1_)_11010 )\—nln Tl (1.3)
In (1/]an|)

We remark that formula (1.3) also is true if — 400 as n — 00.

nn
Indeed, if oy < 400 then for every a > oy there exists an increasing sequence
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(ng) such that |a,| > exp{—a\,}, that is |a, |exp{oA,.} > 1 for all
o > «p. Hence it follows that o, < ap. For ap = +oo this inequality
is trivial. On the contrary, if oy > —oo then for every o < (1 — ¢)ay,
0 <e<1, we have

o\, 1 1 o
I fay| + —= =X\, (——In — +——) <0
nlan] + ()\nn]an|+1 >

for all n enough large. Therefore, for such n

1 1 An
la,| exp{o\,} = exp {—5111 Tl +(1—¢) (— In o + 10_ 5)} <

In(1/]a,
geXp{_EMm n}

Inn
whence it follows that for such o series (1.2) converges. Thus, o < ag. For
ap = —oo this inequality is trivial.
By S(A,A) we denote a class of Dirichlet series (1.2) with the sequence
A = ()\,) of exponents and the abscissa 0, = A of absolute convergence.
For FF € S(A,A) and 0 < A we put M(o, F) = sup{|F(c +it)| : t € R}
and let pu(o, F') = max{|a,|exp{oA,} : n > 0} be the maximal term and
v(o, F) = max{n : |a,|exp{o\,} = u(o, F)} be its central index.
Then [22, p. 182] Cauchy inequality p(o, F) < M(o, F') holds for all
o < A and [22, p. 184]
In p(o, F) =1n p(og, F) + //\V(Lp)dt. (1.4)
oo
Also we define
~Infay| —Ina,1]

s, (F) = W , n>0,

and will use properties of Newton’s majorant for Dirichlet series (see [22, pp.
180-183] and [28]).

Lemma 1.1. Let .
Fon(s) = Z a? exp{s\,} (1.5)

6



be Newton’s magjorant for entire Dirichlet series from S(A, A). Then p(o, F,,) =
= u(o, F), vio,F,,) = v(o,F), s,(Fpy) /A as n — oo and |a,| < a®
foralln>1.

Let p > 1, ¢ = P . and f be a positive function on (A, B),

-0 < A < B < +oo. If (X)) is a sequence of positive numbers and
(¢,) is a sequence of numbers from (A, B) then
Xiep+ -+ ey

C, =
N+ A

€ (A, B).

The following lemma generalizes a classical inequality of Hardy [17. p. 289].

Lemma 1.2. If the function f'7 is conver on (A, B) and the sequence

(1) 1s positive and non-increasing then for every w < 400

D A f(CL) 47D s f(en). (1.6)
n=1 n=1

Proof. We put ¢, = A] +---+ Ay for n > 1. Then
_ )\Tcl +--+ )\Z,lcn,l n )\:;Cn

*

to_ A
== 1Cn—1+_ncn

C

t/ -~ %
and since - + 22 = 1 and the function 17 is convex, we have

n n
1/p tn-1 c1/p An p1/p
fr(C,) < fP(Coa) + P (en),
ln tn

whence

Ly 179
_fl/p(cn) < )\_*lfl/p(cnfl) - Ffl/p(0n>'

Therefore, in view of the equality 1/p+ 1/¢ =1 we obtain
Qn = A\ f(Cr) — q)\jzfl/p(cn)fl/q(cn) <

< A f(C) + g, (%fl/q(cyb)fl/p(c7b—1) _ %fl/q(cn)fl/p(cn)> —

= /\;f<cn) - qtnf(cn) + qtn—lfl/q(cn)fl/p(cn—l) -
= (\n = qt) F(Cp) + qtar fYU(C) fP(Cry).

7



x? al
We consider on [0, +00) a function u(x) = — — ax + — , where a > 0.
p q

This function has an unique point of the minimum z = z(a) = a'/=1) and
p q

u(z(a)) = 0. Hence it follows that e > ax forall @ >0 and z > 0.
p

Therefore, @1 = —(q¢ — 1)} f(Cy) and

Qn < (N = qtn) F(Co) + qtas (f(qcn) . f(i:q)) _

= (A; + tnfl - qtn)f(cn) + %tnlf(onl) =

— (1= Dt (C) + 201 (Cor) =~ (01 (Co) = ()

for n > 2 and, since the sequence (y,) non-increases, for N < 400 we have

N N
Z ,unQn S Iﬁ ZNn(Ewlf(Cnfl) - tnf(Cn» + ,ulQl =
n=1 n=1

N—
Z Hn+1 — ,un nf( ) MNth(CN) <0

Using the definition of Qn and the following inequality of Holder

N N 1/p N 1/q
Z anbn S <Z a]T)L) <Z b%) i

n=1 n=1 n=1

hence we obtain

N N
S A f(C) <@ N f P () f1U(C) =
n=1 n=1

N

=) (N f () (ua i f(C) VT <

n=1

N 1/p N 1/q
§q<Z(MnA;§f(Cn)> (Z(uMZf(@)) :

n=1 n=1

Dividing this inequality into the last multiplier and involuting of p we get

(1.6) for w = N. In view of the arbitrariness of N Lemma 1.2 is proved.

We need also the following statement.

8



Lemma 1.3. Let a : [1,+00) — [0,400) and 7 : [0,+00) — [0,400) be
nonnegative continuous increasing to +oo functions. If

a(n)

lim > 1, (1.7)

n—-+oo ’y()\n)
then there exists a subsequence (X;) of the sequence (\,) such that

E<a'(y(\)+1 (1.8)

forall k>1 and
ki > o (v(AL)) (1.9)
for some increasing sequence (k;) of positive integers.
Proof. In view of (1.7), the quantity k; = min{k > 2: k > o Y(y(\1))}
is well defined. Clearly, k < o '(y()\)) for 1 <k < k; and

ki=k—-1+1< Ofl(’y()\kfﬁ) +1< 0471(7(/\19)) + 1.

Hence, if we set A\ = A\, for 1 < k < k; then (1.8) and (1.9) must hold for

such k. Put now
ji=min{j € N: In(k; +1) < a (v M, 5))}

and from sequence A = ()\,) drop the members Mg i1,..., Ap4j,, 1. €.

Ah1 = Akt - By virtue of (1.7), there exists
ko =min{k >k +1: k>a (v}
Then k < o (y(Nityy)) for ki +1 <k < ky, ko > o (y(Miytj,)) and
ko =ky—1+1<a Yy gej)) + 1.
If we have already chosen k; and j;—;, [ > 2, then we put
ji=min{j € N: In(k+1) < a ' (YOkjirsjrri)

and delete the terms

Akttt - - o s Mgty i i

9



from A, i e. we set
L W L
kipn — MNMeitgiteetii-ite

As before, in view of (1.7), the quantity
ko = min{k > ki +2: k> a7 (YN )
is well defined. Then
k<o (YNkjurta)s ki1 <k <k,

kin > o (YN tgitt)
and, as before,
kir < a7 (Y Ak i) + L
Hence, if A} = Ngtj4tjy 145 for kj+1 <k < k;4y then we again have (1.8)

and (1.9) for such k. Since | was chosen arbitrary, Lemma 1.3 is proved.

1.2 Belonging of entire Dirichlet series

to convergence classes

J. Valiron [71, p.18] proved, that if an entire function (1.1) has the order

0 € (0, +00) and belongs to the convergence class, i. e.

o0

JREAD < oo, My(r) = max{l )] o =),

1
then

(o)
D lan|" < o0
n=1

P. Kamthan [19] generalized this result on the case of entire (absolutely con-
vergent in C) Dirichlet series (1.2). He showed that if the sequence (\,) has
a positive finite step, that is 0 < h < A1 — A\, < H < o0 for n > 0 and

#,(F) T 400 as n — oo then in order that
o.¢]

In M(o, F)

D) o oo, 1.10

[t 419

10



it is necessary and sufficient that
o
D " Jan|? < +oo.
n=1

Giving up a positive and finite step of (\,), in the article [28] a result
is got considerably stronger. It is proved that if entire Dirichlet series (1.2)
has R-order gr = p € (0, +00) and Inn = O(\,) as n — oo then in order
that correlation (1.3) holds it is necessary and in the case, when the sequence

(5¢,(F')) non-decreases, it is sufficient that

o0

> (A = An)]an|? < +oo.

n=1
Except this statement in the article [29] the results are given about belonging
of Dirichlet series to the generalized convergence class.

To give this definition we denote, as in [58], by L a class of continuous
nonnegative on (—oo, +00) functions a such that a(z) = a(zg) > 0 for
r <29 and a(z) T +oo as g < ¥ — +oo. We say that a € L, if a € L
and a((14o0(1))x) = (1+o(1))a(z) as * — +oo. Finally, o € Ly, if o € L
and a(cx) = (1 +o(1))a(z) as * — +oo for each fixed ¢ € (0, +00), i. e.
« is slowly increasing function. Clearly, Ly C L°.

We need the following properties of the functions from L.

— 1
Lemma 1.4. Let o € L and A(0) = lim a((1+0)x)
T—-00 alx

that o € LY, it is necessary and sufficient that A(6) — 1 as 6 — 0.
If a € L° then « is RO -increasing [65], i. e. for every h € [1,a],

, 0 >0. In order

1 <a<+4o0, and all © > xy the inequality % < M(a) < 400 is true.
Proof. Suppose that o € L° and A(5) /4 1 as § — 0. Since the function
A(9) is non-decreasing, there exists lgﬁ} A(d)=a">1,i.e. A(0)>a">1.
We choose an arbitrary sequence (6,) | 0. For each (d,) there exists a
sequence (x,y) such that (x,;) 1 400 as kK — oo and a((1+ 9,)z,;) >

> ac(Ty i), 1 <a <a*. We put
Ty =211, Tp=min{Tnp: Tpp > Tpo1,k>n—1}

11



and construct a function vy(z) — 0 (2 — +o00) such that y(z,) = J,,. Then
a((L+7(zn))zn) = a((1+ 6n))zn) = ac(dy).

In view of the definition of L this is impossible.
On the contrary, let A(6) — 1 as § — 0 and o ¢ L°. Then there exist a

function y(x) — 0 (x — +o0) and a sequence (x;) T 400 such that

ol A
k—o00 a(xy)

=a#1.

Clearly, a < 1 provided ~(x;) < 0 and a > 1 provided ~y(z;) > 0. We
examine, for example, the second case. Let § > 0. Then ~(z;) < 0 for
k > ky and

— a((l+0)z) . — a((1+)xy) T a((1+~y(zk))zk)

im ————= > lim —————= > lim = a,

a—too  a(x) k—oo  axy) T k—+oo a(xy)

that is A(d) > a and lgln(r)l A(6) > 1, which is impossible.

The first part of Lemma 1.4 is proved.
Now we prove second part. Since the function o € LY is increasing, it is

sufficient to prove that

c(2) = ml—iT—Poo 0;5(2;)) < +00.

We suppose, on the contrary, that ¢(2) = +oco, i. e. there exists a sequence
() T +oo such that
a(2xy)

a(zr)

=w(xy) — o0, k — oo.

Uk 5 400 as k — 00.

We may assume that 2z < x4 for k> 1 and w(xy)
We divide the interval [zj, 2z;] into %k equal parts by the points

x,(cj) = xp + %xk,O < j < k. Then there exists j;, 0 < jp < k —1,

Q<$(jk+1)) Oz(x(‘Hl))
such that k(,) > w(xy)*, because if % < w(xzy)* for all
a(z™) a(z;”)
k k
j,0<j<k—1. then
(k) (1)
a(2xy) afz)”) a(zy’) 1/k\k
w(xy) = = = < (w(xk) )" = w(xy).
a(zy) oz(xgck 1)) a(x,(fo))



a<x(jk+1)> x(.jk-+1)
Thus,%ﬂ%—oo and k(.) =1+ — — 1 as k — oo. Hence it
ax™) ) k =+ Ji

follows that o ¢ LY, which is impossible. Therefore, ¢(2) < +o0o, i. e. « is
RO -increasing. The proof of Lemma 1.4 is complete.

In [29] the following theorem was proved.

Theorem 1.1. Let o be a concave function on [rg,+00) and a(e®) € LY,
and a function 3 € L° satisfies the conditions zf3'(z)/B(x) > h > 0 for

x> x9 and
a(x)
/_ﬁ(x)dm < +00. (1.11)

Suppose that the exponents N\, of entire Dirichlet series (1.2) satisfies the

condition Inn = o(\, 87 (a(N,))) as n — oo. Then in order that

oo

/ a(ln M(a, F))

B00) do < +o0, (1.12)

[40]
it is necessary and in the case, when the sequence (s¢,(F')) non-decreases, it

15 sufficient that
= 1.1 [t

a >\n -« )\n—l ﬁl <_ In _) < 00, ﬁl xr) = YR

;( (An) = @A) { 3 o () 30

For a« € L and § € L, except the generalized convergence «af3-class
defined by condition (1.12), for entire Dirichlet series we define also a modified

generalized convergence o3 -class by condition

Zﬁ(la)a (mM(U’ F)) do < +oo. (1.13)

g

Here we obtain an analog of Theorem 1.1 for the modified generalized con-

vergence «f3-class.

1.2.1. Modified generalized convergence oaf-class in terms of
maximal term. We investigate conditions under which correlation (1.13) is

equivalent to the correlation

13



(Zﬁ(l")a <1n“<;’ F)) do < +oo. (1.14)

In view of Cauchy inequality (1.13) implies (1.14). For the proof of the
converse we need the following lemma.

Lemma 1.5. If for entire Dirichlet series (1.2)

— 1
hp := lim _nn <1
n—oo — In |ay,|

then for every € € (0,1 — hg) there exists Ag(e) > 0 such that for all o >0

M(o, F) < Ay(e)u (#O_GF) .

1 1
Proof. For n > 1 we put r, = )\—ln )
n a/77,

. Then r, — 400 as n — o0

and

M(o, F) < |ag| + Z + Z |an| exp{oA,} =

rn<c/(1—=ho—e€) r,>0/(1—ho—¢)

0')\77/ (ho + 6)0’)\71}
= |ap| + ap|expq ———— pexpl —————— > +
ol MU/(%_J | p{l—ho—e} p{ ot ol

+ Z la,| exp{oA,} <

rp>0/(1—ho—e)

o
< lao| + p (To—e’ F) Z exp{—(ho + €)\urn}+

rn<c/(1—ho—e)

+ Z |a,| exp{(1 — ho — €)ryA,} <

rn>0/(1—hg—¢)

o o0
< lao| + (M (m,F) + 1> > " exp{(ho+ €)In an]}.

n=1

Since in view of the definition of hy we have (hg+€¢/2)1n |a,| < —In n for all

n enough large, hence we obtain necessary inequality. Lemma 1.5 is proved.
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